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Introduction.Today, science is developing rapidly, especially after the integration of
computer technologies into science, it is developing several times faster. Scientific innovations
and scientific discoveries are being made every day.Including, in the field of mathematics,new
theorems and their applications are being studied every day.

We will analyze Morse's lemma about normalization of a function with an eigencritical
point around this point, and it should be noted that this lemma is of great importance for the
development of the field. In the work of this article, we study Morse's lemma and some of its a
applications. Usually, in many problems of analysis, the derivative of a smooth function is
considered around non-zero points. In this case,undisclosed functions are solved using the
theorem in most cases. But if we are at the critical point of the function, we cannot use
undisclosed functions. Such problems are, for example, evaluating the order of integration of the
function in oscillating integrals of the Fourier image of the function. We use Morse's lemma to
obtain the asymptotic expansions of some integrals. Morse's lemma is one of the important
proofs of the differential theory of making a real-valued smooth function

Into a canonical form around its eigencritical point. The purpose of this dissertation is to
study the importance and applications of Morse's lemma. Therefore, we will study the necessary
rates and theorems. Morse's lemma consists of representing a function in the form of a quadratic
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form around a fixed critical point. We know that according to Taylor's formula at the critical
point

1 02 N, ;
PG = £~ Fx0) = 5 9 5o (e) (! = ) =) + (]I =l
Lj

Ifo (||x - x0||2 ) is not a residual term on the right side of the equation, that is, f(x) —

f(xo) is a differential quadratic form, then it is known from algebra that it can be reduced to the
canonical form indicated by linear transformation. At the same time, we are also based on the
inverse function theorem and Adamard’s lemma.

2. PROOF OF HADAMARD'S LEMMA

Definition 1.f'(X,) = 0 the point X, where the equality holds is called the critical point
of the f(x) function. Where, the deravative means vector. For example:

of of of
axt x&),ﬁ(xg), ey b29))
Definition 2. x, let the point be the critical point of the function f € C*(U;R). It is a
neighborhood of the point —x,. If the determinant of the Hessian of the function at the point

%f
<6xi()xi>
that is, the matrix consisting of second-order special derivatives) is different from zero, than the
point x is called a nondegenerate critical point.
Lemma 3. [Hadamard's lemma.] f:U - R the function CP(UR), p=1, let 0 =
(0,0,0, ... ... ) € R™ be the circle of the point and the equality f(0) = 0 is valid. Than there are

such functions g; € CP"D(UR), (i =0,1,2, ... ..., m) that the relation
m
flxtx?, ..., x™) = Z xtgi(xt, %2, e, x™) (1)
i=1

is fulfilled for all g;(0) = ;Tfi (0) and also the equality holds.

Proof. To prove formula (1), we use the following equality known from mathematic
analysis

1
fgb’(t)dt = ¢(b) (1) = fxtx%, ., x™) — £(0) = f(x, %2, ..., x™), (2)
0

SO
1

flxx?,..,x™) = f

0

df (txt, tx?,..., txm)d

dt t

1

of (txt, tx?, .., tx™ of (txt, tx?, ..., tx™
=J f(tx', tx x)x1+ f(tx?, tx x)x2+---
dx1 0x2
0
Af(txt, tx?, .., tx™) F (S af (., )
) yr m _ ’ )y i
+ I X >dt—f<z Fp x)dt
0 i=1
1 1
[ Of(txl, ta?, .., tx™) | O [Of(tx), tx?, .., tx™)
:ZJ. : x’dtzz:xif g dt,
; oxt ; oxt
i=19 i=1 0

if we define as follows
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1

of (txt, tx?, ..., tx™
gi(xt,x?, .., x™) =J f( . )d

axt b
0
then we get the equation (1)
m
Flxtx?, .., x™) = ingi (x%,x2, ..., x™).
i=1
Now we g;(0) = % (0) show the equality
1 1 1
of of of af
gL(O) = ﬁ(txl,txz, ...,txm)dt = %(O)dt = %(0) f dt = ﬁ(@)
0 0 0
We show that g € C®V(U; R)when f € CP (U;R) is at the end.
Laf(txt, tx?, ..., tx™) Yi Laf(yt,v?, ... ... y™)
(vl 42 my — Pz =, =2 = A
gi(xt x%, . x™) J; Fp dt |xl . | J; 3y tdt
= {if we integrate by pieces}
1
= tf L y% e, y™) — f fOLY? o, y™)dE
0

Which shows that g € C®~D(U:R).

3. PROOF OF MORSE'S LEMMA

In this paragraph, we present a Morse lemma and its proof

Lemma 4. [Morse's lemma] Let the function f:G — R be defined in class C®(U, R),
and let G € R™ and x, € G be fixed critical points. Then there exists a g:V - U
diffeomorphism such that V -0 = (0,0,0,...) € R™ is a neighborhood of the point, and the
relation U — xq holds for ally € V

(Fe@®) =flxo) = [+ )]+ [F? + - (™)?] (5)
attitude is appropriate.

Proof. x, = 0 and f(x,) = 0 it is enough for us to prove the case. If x, # 0, If so x =
¥y + x, if we take a linear substitution like y = 0 we can get (xo =y + xo = y = 0), and this
shows that it is enough to prove the case x, = 0 to prove the point. If f(x,) # 0 than it
suffices to take, a linear permutation such that f(x) = w(x) + f(x,) where @(x,) =0
(f(x0) = @(x0) + f(x0) = @(x0) = 0).

There fore, the point x, = 0 is the critical point of the function (f(x))

f(xo) = f(0) =0 is equal. Since V—0 is the circumference of the point and f €
C®(G; R), we apply Adamar's lemma to the function

m

flxtx?, ..., x™) = Z xtgi(xh, %2, ., x™)
i=1
and
of

gi(0) = ﬁ(o) =0

relations are appropriate. Then we apply Adamard's lemma to the functions
m

gi(xtx?, .., x™) = Z xjhl-j (xtx2, ..., x™).
j=1
and

99,
iy (0) = 525(0)

In that case the relations
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iLj=1
and
99
h;;(0) = F (0)
are reasonable. Thus, we get the equations
m
flxt,x?, ..., x™) = Z xtxlhyj(xt, 22, .., x™) (6)
ij=1
and
a%f

Oxiox/

dg;
hy©) =550 =520, ()
We get the equalities.
By replacing &; = %(hi j + hji), we bring the the matrix h;; into a symmetric matrix, that
is h” = h]l
(xix]-hij + .ijihﬁ = xiijhl-j = xix]-hl-j + x]-xihji)
Moreover, the point 0 is an invariant critical point for h;;. There fore, the determinant of the

2
Hessian matrix h; j(O):%(O) 18 non-zero.
It is possible to convert the h;;(0) matrix into a diagonal matrix by substitutions.
+1 . +1 0 0
8 since it is a symmetric matrix 8
then if we continue this process
+1 0 0 0
0 1 0 0 O
0 0 £1 0 O
0 0
0 0 O

So, in order to make it diagonal as above, we can replace it as follows. 0€ R™ has such
ul,u?,....,u™ coordinates around the point U; that if we replace x = @(u)
m

(fep)(w) = £W")? £ W?)? £+ (W™ H* + Z uwH; (ut,u?, .u™) (8)
i,j=1

™ coordinatesare r = 1and H;; = HyIf r=1

We get the equality. Here ul,u?, ..., u
in (8) then Hl] = H]l

The quadratic form in formula (5) is unchanged, that is det (hij(O)) #0. x =¢)
becomes ¢@(u) since det (¢'(0)) # 0 in the substitution is a diffemorphism. In that case, at
least one of the numbers H;;(0)(i,j =, ...,m) in formula (8) is different from zero. We assume
that H,.,.(0) # 0, then, from the continuity of the function H;;j(u) around the point u = 0,the
relation H,,-(u) # 0 is valid.

We will prove the rest of the process by the induction method ,that is if we can extract

+(u")? from the sum in formula (8) ,we will prove the lemma that this process can be continued
up to m.
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We take  P(ul, ..., u™) = /|H,-(0)| . Then 1 € CD(U,; R), is the circumference of
the point U © Uy — u = 0 here. We change the coordinates as follows.
vi =yl i #r
so

utH (ut, u?, ..., u™)
r— 1,2 um r r
v =yl )(u +Z H,..(u%,u?, .., u™)
m

m
Z u'w Hij(w) = u™u"Hy (ut, 0, ., u™) + Z u'u/Hij(ut, u?, ...u™)

i,j=r i,j=r+1
m

= (W")*H (W', u?, .., u™) + Z v Hy(ut v, ., u™)
i,j=r+1
m

m
= WwhH)?H,.(utu?, ..., u™) + Z u"w/H, (W) + Z uu'H,;(w)

Jj=r+1 i=r+1
m

W")?H, (Ut u?, ., u™) + 2 Z uuw/ Hyj (uhu?, ., u™)
j=r+1

= {acording to the substitution above} =
= (ur)zwz(u) "

. T](u) wWH,; (W), _ u HT](u)
e 1”(”)]2“ e (_Z e )¢ Z e )
_ r u Hr](u) u]Hrj(u) 2
= @) +,-:Z oo (2 )

2 r ujHrj(u) 2 _ ujHrj(u) 2

= P +j;1—¢2(u) ) ,-=r+1—‘/’(”) )

~ LN WH @), LLEION

= |l +]_:Z el (Z |Hrr(u)|

= {we exchange coordinates} = +(v")? — viH,;(v))?
=0~ )(Z v Hn(v))(; vty () = £ - Zv VB, )

here ﬁij = % is symmetric. Also, since v = 1,[)(u) u=yYt(v)is
s
(f g rw 1)(v)—2[+(vl) + Z Vi o 02, o™,
i=1 i,j>r
the relation is appropriate. Here ¢ *4~! isa diffeomorphism and H;; = H;. Therefore.
Morse's lemma has been proved according to the induction method.

4. APLICATION OF MORSE’S LEMMA
Example 1. Let's look at this equation:

F(x,y)=0
For examnle. this one:

562



oam- 35 302 305 36 35 302 303 36 0E I HERT ¢ @m- ®H3HKA, MATEMATHKA, HHDOOPMATHKA

—+ ﬁ =1
Let's take Eq.

2 2
The equality F(x,y) = 0 and Z—Z + 2’—2 = 1 follows from the two equalities

x2 y2
Flx,y) = S +55 ™ =1
Let's give arbitrary values to a and b. For example, a=1 and b=2 let's take it. From this we create

the equation

x2 yZ yZ
Etym-1=0x"+7-1=0

Let us find a point My(x,Yy,) that satisfies this equation. From this we find Mo(%,\/§). Let's

check this point M, against our theorem.
1) We defined the function F(x,y) around the point My(xy,yo) and it is equal to
1
Mo (5. V3).
xZ y2
=1
has a special derivative
2) Let the function F (x, y) become zero at this point: F(x,, y9) = 0; Let's check the point
2

y
2——:
x+4 1=0
M1+3 1=0
4 ta T

is valid.
3) Let the derivative F,"(x,y) be different from zero from this point:
Fy‘(xo, yO) * 0.

.2y V3
b=g=7%*0
It fulfills the conditions of the theorem.
Example 2. Let’s look at the function

xZ y2

5= (i5) -
a? b2 94\/—_

compared to our example 1,a,b took their values. But instead of 1, we got tg( )In our

Since

example 1, it was possible to find y. That is
L 2
y=x —Vva*—x
remained equal. It is very difficult to find y in our function. Let's look at the points a, b and M,

in our example 1.
Let's put it in the terms of our theorem.

1) We defined the function F(x, y) around the point M, (x,, yo) and equaled M, (%, V3).
2) Let the function F(x, y) become zero at this point: F (X, o) = 0;

x* + 2 — tg(L)-0 M,
let's check the point.
—+——t( )o 1-tg()=0 1-1=0

equality arises and is appropriate.
3) Let the derivative F,"(x, y) be different from zero at the point ahu: E,"(x,y,) # 0.
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gl 43 V3 a3 V3 m
Y 4 cos2 2 W3 2 23

cos?——=

1s equal and fulfills the conditions of the theorem.

Literature:

1. M.S. Salohitdinov, O_.N. Nasritdinov. Oddiy differensial tenglamalar. T. «Uzbekiston» , 1994 y.,
103 — 155 betlar.

2. Wright J. Discrete analogues in harmonic analysis. Wroclaw (2013).

3. Apxunos I 1., CagoBununit B. A., Uybapuxos B. H. Jlexununo maremaTnueckoMy aHau3y.
—M.: Bricmas mxkosna, 2000.

4. Unwpun B. A., CanoBanunii B. A., Cenno b. X. Maremarnueckuii aHanu3. B 2-x 4. U3, 2-e, nie-
pepab. — M.: U3n-Bo Mock. yH-Ta, 1985, 1987.

5. Kambraun JI. U. Kypce maremaruueckoro ananusa. B 2-x 4. — M.: 31-Bo Mock. yu-Ta, 1993, 1995.

6. Kynpssues JI. /1. Kypc matemaruueckoro ananusa. B 3-x 7. — M.: Belciias mikona, 1988, 1989.

7. Huxonsckuit C. M. Kypc maremaruueckoro ananusa. B 2-x . — M.: Hayka, 1990.

8. Bunorpanosa U. A., Onexunux C. H., CagoBununii B. A. 3agauu u ynpaxxHeHus 110 Mmaremaruye-
ckoMy aHanuzy. — M.: M3n-Bo Mock. yH-Ta,1988.

9. Hemunosuu b. I1. COopHuEK 3a/1au U yNpaKHEHHUIT 110 MaremMaTHueckoMy aHaiausy. — M.: Hayka,
1990.

10. Makapog b. M., T'ony3una M. I, Jlonkun A. A., [TogkopsitoB A. H. 130panHbIe 3a1a4u 1Mo Belie-
cTBeHHOMY aHainu3y. — M.: Hayka, 1992.

PE3IOME

Morse Lemmasi matematik tahlilning asosiy teoremasi bo'lib, u kollektorlardagi silliq funksiyalarning
kritik nuqtalarining xatti-harakatlarini chuqur tushunish imkonini beradi. Bu lemma kritik nuqtalarning
lokal tavsifini beradi, ularning barqarorligini va asosiy fazo topologiyasini ochib beradi. Ushbu maqolada
biz Morse lemmasining isbotini muhokama qilamiz. Bundan tashqari, biz uning singularlik nazariyasidagi
rolini o'rganamiz, bu erda u yagona nuqtalarning tasnifi va xatti-harakatlariga yoritib beradi. Qattiq
matematik taqdimot va tasviriy misollar orqali biz Morze lemmasining matematik tahlilda chuqur ta'siri
va foydaliligini etkazishni magsad qilganmiz.

PE3IOME

Jlemma Mopca siBisiercst yHIaMEHTAJIBHOW TEOPEMOil MaTeMaTHYeCcKOro aHayin3a, Ipeasaraomei
TyOOKOE TOHMMAaHHE ITOBEICHNST KPUTHYECKNX TOUEK IIaAKUX (QYyHKIHMH Ha MHOToOOpa3usx. Jra jeMMa
JIaeT JIOKAIBHYIO XapaKTePUCTHKY KPUTHUECKHX TOYEK, PACKPBIBAsi X YCTOHYMBOCTH M TOIOJIOTHIO JIe-
JKAIlIero B MX OCHOBE IPOCTPAHCTBA. B 2T0i cTaThe MBI 00CYIMM JI0Ka3aTesIbCTBO JieMMbl Mopca. boiee
TOTO, MBI HCCJIE/IyeM €€ POJIb B TEOPHU 0COOCHHOCTEH, I7Ie OHA IPOJIMBAET CBET Ha KJIACCU(DUKALIUIO H 110-
BeJIeHNE 0COOBIX ToueK. [locpencTBOM CTPOroro MaTeMaTH4eCcKoro M3JI0KeHUSI 1 HAIVIAHBIX IPUMEPOB
MBI CTPEMUMCS TIepe/iaTh ITyOOKOe BIMSIHUE U MOJIE3HOCTD JIEeMMBI Mopca B MaTeMaTH4eCKOM aHaJIH3e.

SUMMARY
Morse's Lemma stands as a fundamental theorem in mathematical analysis, offering profound insights
into the behavior of critical points of smooth functions on manifolds. This lemma provides a local
characterization of critical points, revealing their stability and the topology of the underlying space. In
this paper, we discuss the proof of Morse's Lemma. Moreover, we examine its role in singularity theory,
where it sheds light on the classification and behavior of singular points. Through rigorous mathematical
exposition and illustrative examples, we aim to convey the profound impact and utility of Morse's Lemma
in mathematical analysis.
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